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Ahstract 
In this paper the Clar covering polynomial of a hexagonal system is introduced. In fact it is 
a kind of F polynomial [4] of a graph, and can be calculated by recurrence relations. We show 
that the number of aromatic sextets (in a Clar formula), the number of Clar formulas, the 
number of Kekule structures and the first Herndon number for any Kekulean hexagonal system 
can be easily obtained by its Clar covering polynomial. In addition, we give some theorems to 
calculate the Clar covering polynomial of a hexagonal system. As examples we finally derive the 
explicit expressions of the Clar covering polynomials for some small hexagonal systems and 
several types of catacondensed hexagonal systems. A relation between the resonance energy and 
the Clar covering polynomial of a hexagonal system is considered in the next paper. 
1. Introduction 
A hexagonal system can be obtained as follows. Let C, be a cycle of the hexagonal 
lattice. Then the vertices and edges which lie on CH and in the interior of CH form 
a hexagonal system H. It is well know that any hexagonal system H is a bipartite 
graph, i.e., its vertices can be colored by two colors so that two vertices of the same 
color are never adjacent. A perfect matching of a graph G is a set of independent edges 
of G covering all vertices of G. A hexagonal system with at least one perfect matching 
can be regarded as the skeleton of a benzenoid hydrocarbon. The Kekule structure in 
chemistry coincides with what in graph theory is known under the name “perfect 
matching” [3]. A hexagonal system is said to be Kekulean if it has a Kekule structure. 
The Clar formula is obtained by drawing circles in some hexagons of H, these circles 
represent the so-called “aromatic sextets”. The rules for constructing Clar formulas 
are the following: 
(a) Circles are not allowed to be drawn in adjacent hexagons. 
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(b) Circles can be drawn in hexagons if and only if the remainder of the hexagonal 
system obtained by deleting the vertices of the hexagons that possess circles has at 
least one Kekule structure or is empty (without vertex). 
(c) A Clar formula contains the maximum number of circles, which can be drawn in 
accordance with rules (a) and (b). 
If only the rules (a) and (b) are obeyed, we speak about the generalized Clar formula. 
Let f((H) denote the number of Kekule structures of H and a(H) (called the Clar 
number of H) the number of atomatic rc sextets (in a Clar formula) of a hexagonal 
system H. It is well known that K(H) and o(H) of a hexagonal system H play 
significant roles in the topological theory of hexagonal systems [3,2]. A number of 
researches [17, 5, 6, 11, 131 on the Clar formula of a hexagonal system have been 
made. Hosoya and Yamaguchi [16] defined the sextet polynomial of H as follows: 
a(H, x) = 1 s(H,k)xk , 
k=O 
(l-1) 
where s(H,k) denotes the number of generalized Clar formulas of the hexagonal 
system H in which k circles have been drawn. For example, the sextet polynomial of 
the graph H of benzoanthracene indicated in Fig. 1 is [lS] 
a(H,x)=2x2+4x+1. (1.2) 
Although some properties of the sextet polynomial of a hexagonal system have been 
obtained [16, 15, 73, in general a good method to calculate the sextet polynomial has 
not been found yet. 
In Herndon’s resonance theory [9], the resonance nergy HRE can be presented as 
follows: 
HRE = (2IK(H))(h,r, + hZr2), (1.3) 
where r1 and y2 are semi-empirical parameters, and the number h,(H) ( =hk) is the kth 
Herndon number, namely 2hk is the number of pairs of Kekule structures which are 
transformed one into the other by cyclically permuting 2k + 1 double bonds, k = 1,2. 
In 1974 Herndon [14] proposed the following formula: 
h,(H) = c f<W - 4, (1.4) 
where s is a hexagon of H, the summation goes over all hexagons of H and H - s 
denotes the subgraph of H obtained by deleting all the vertices of s together with their 
Fig. 1. 
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incident edges. Gutman and El-Basil [lo] obtained the recurrence relations of the kth 
Herndon number for a zigzag hexagonal chain. Balaban and Tomescu [l] obtained 
the recurrence relation and explicit expression of the first Herndon number for certain 
types of hexagonal chains. 
In this paper we define another polynomial of a hexagonal system, which is called 
the Clar covering polynomial. Some recurrence relations are also obtained. Fortu- 
nately, the Clar covering polynomial of a hexagonal system may unify several of the 
above-mentioned topological indices used in chemistry. Furthermore, the Clar cover- 
ing polynomial of a hexagonal system can be used to produce a good approximation 
to the resonance energy of a hexagonal system. We will state this in Part II of this 
series of papers. Another application can conveniently deal with the comparison of 
topological properties of some S, T-isomers [ 121. 
2. The definition of the Clar covering polynomial of a hexagonal system 
For convenience we now consider a subgraph of a hexagonal system, which is called 
a generalized hexagonal system. Let Q be a set of mutually disjoint hexagons of 
a generalized hexagonal system H. Then H - Q will denote the subgraph of H ob- 
tained by deleting all vertices of Q together with their incident edges. Following 
Gutman [S], Q is said to be a cover of H if H - Q has at least one perfect matching or 
tf - Q is empty. A cover Q of H is said to be maximum if it has the maximum 
cardinality. Obviously a maximum cover of H coincides with a Clar formula of H. 
Now we slightly modify the above definition for a cover. We add a Kekule structure of 
H - Q to the cover Q to get a vertex-cover of H. Let us call such a vertex-cover a Clar 
cover of a (generalized) hexagonal system H. In other words, a spanning subgraph 
C of H is said to be a Clar cover of H if each of its components is either a hexagon or 
an edge. Let C be the set of all Clar covers of H. For a Clar cover C E @ we denote by 
h(C) the number of hexagons of C. We now define the Clar covering polynomial of 
H as follows: 
(2.1) 
Obviously this is one of the vertex covering polynomials of a graph [4]. A generalized 
hexagonal system has a Clar cover if and only if it has at least one Kekule structure. 
For a non-Kekulean hexagonal system H, since the set of the Clar covers of H is 
empty, i.e., C = 8, we assume that the Clar covering polynomial P(H, W) = 0. On the 
other hand, when H is an empty graph, we assume that P(H, M') = 1, because H can be 
considered to have a unique Clar cover @. 
We now make a partition of C as follows: 
a(H) 
@= I,_j Qxi, 
i=O 
150 Heping Zhang, Fuji Zhang / Discrete Applied Mathematics 69 (1996) 147-167 
where Ci = {C E C: h(C) = i}. It should be noted that if i > a(H), Ci = 0. Obviously 
@inCj=@ifi#j.Then 
o(H) o(H) 
CEC i=O CGC, i=O 
we thus obtain 
Theorem 1. Let H be a generalized hexagonal system. Then the Clar covering poly- 
nomial of H is 
P(H,w) = c o(H, i)w’, (2.2) 
i=O 
where o(H, i) denotes the number of Clar covers of H having precisely i hexagons. 
The above theorem factually gives an equivalent definition of the Clar covering 
polynomial of a generalized hexagonal system. The following theorem shows that the 
Clar covering polynomial of a hexagonal system is closely related with some topologi- 
cal indices used in chemistry. 
Theorem 2. Let H be a hexagonal system. Then we have the following propertiesfor the 
Clar covering polynomial of H: 
(1) 
(2) 
(3) 
(4) 
the degree of the polynomial P(H, w) is o(H), the Clar number of H, 
the coefficient of the highest degree term, a(H, o(H)) equals the number of Clar 
formulas of H, 
h,(H) = a(H, 1). 
Proof. (l), (2) and (4) can be easily obtained from the previous definition. (3) follows 
immediately from the fact [17] that, for any maximum cover Q, H - Q has a unique 
Kekule structure. 0 
As an example, we consider a linear hexagonal chain L, with m hexagons, which is 
indicated in Fig. 2. It is easy to see that 
G?J = 1, a(L,, 0) = m + 1, a(L,, 1) = m, a(L,, i) = 0 foria2. 
Fig. 2. A linear hexagonal chain L, 
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Then 
P(L,,w) = mw + (m + 1). (2.3) 
For the sake of simplicity, in the following we denote P(H, w) by P(H), P(L,, w) by 
I,, and sometimes we even denote the polynomial P(H, w) by H under no confusion. 
3. Some properties of the Clar covering polynomial 
In this section we will obtain some properties and recurrence relations for the Clar 
covering polynomial of a hexagonal system. 
Theorem 3. Let H be a generalized hexagonal system, the components of which are 
HI, Hz, , H,. Then 
P(H, W) = fI P(Hi, W). (3.1) 
i=l 
Proof. Let @ be the set of all Clar covers of H. Let C’ be the set of all Clar covers of 
Hi for all 1 < i < s. Obviously, C’ = {Cl,,: C E C}, therefore, 
P(H) = c whcC) = 
CEC 
whCC’) = ifil P(H,) 0 
i= 1 cLEc’ 
Theorem 4. Let H be a generalized hexagonal system. Assume that s1 and s2 are two 
hexagons of H having a common edge e = xy (see Fig. 3). Then 
P(H)=w ~ P(H-si)+P(H-Xy)+P(H-x-y). 
i=l 
(3.2) 
Fig. 3 
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proof, Let C(H) be the set of all Clar covers of H. If C(H) = 8, the theorem follows. 
Suppose C(H) # 0. Let @’ = {C E C: Si E C) for i = 1 and 2, C3 = {C E @: e E c}, 
(c4 = (C E Cc: sl,sz and e$@}. Then uF=, C’ = @(H) and C’n@’ = 8 if i #j. There- 
fore 
= wcw h(C\sl) + w C WWC\sz) + 1 WW) + 1 W’C) 
CEC1 CE@Z CEC3 CEC4 
=w c Wh(Q + w 1 Wh(C) + c WW) + c WhC) 
Ct@(H-Sl) CEc(N--S2) Cs@(H-x-y) CEC(H-e) 
= wP(H - sJ + wP(H - ~2) + P(H - x - y) + P(H - e). cl 
By the same reason we have 
Theorem 5. Let H be a generalized hexagonal system. Assuming that xy is an edge of 
a hexagon s of H which lies on the periphery of H (see Fig. 4), then 
P(H)=wP(H-s)+P(H-x-y)+P(H-xy). (3.3) 
Theorem 6. Let H be a generalized hexagonal system, and xy be an edge not belonging 
to any hexagon of H (see Fig. 5). Then 
P(H)=P(H-x-y)+P(H-xy). (3.4) 
Now we will show how to use the preceding recurrence relations in calculating the 
Clar covering polynomial of a hexagonal system via some simple examples. 
Fig. 4. 
Fig. 5. 
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Example 1. For a linear chain L,(m 3 l), we have 
p&J = P( m ) 
=wP(a.I )+P(_ ) 
+P( a) (by Theorem 5) 
= w+l+P(m) (by Theorem 6) = ~+l+p(L,.,). 
Now we obtain a recurrence relation: P(L,) = (W + 1) + P(L,-,), for m 3 1, with 
initial condition P(L,) = 1. And we easily deduce its solution: P(L,) = MW + m + 1 
for all m >, 1, this conforms to Eq. (2.3). 
Example 2. Let us consider the hexagonal system shown in Fig. 1. 
= (w+l)P(a-J)+P(~) 
= (w+1)(2w+3)+(3w+4) = 2w2+8w+7. 
Example 3. 
= (w+l)(w2+5~+5)+(2~*+8~+7) = w”+8w2+18w+12. 
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With the previous conclusions we have calculated the Clar covering polynomials of 
all Kekultan hexagonal systems with < 5 hexagons and listed them in Table 1 (see the 
Appendix). 
In the following we will derive some formulas to calculate the Clar covering 
polynomial of some special classes of hexagonal systems. 
Let Xi, X2 and X3 be three Kekultan hexagonal systems. Identifying an edge on the 
periphery of Xi with an edge on the periphery of X2, we get a hexagonal system and 
denote it by X1 . X2 (see Fig. 6). We identify each of a triple of pairwise disjoint edges of 
an (additional) hexagon with a peripheral edge of X1,X2, X3, respectively, to obtain 
a hexagonal system, which is denoted by X1 * X2 * X3 (see Fig. 9). 
Theorem 7. Let XI and Xz be two KekuGan hexagonal systems which contain hexagons 
s1 and s2, respectively, as indicated in Fig. 6 (or one of them be K2). Then the Clar 
covering polynomial of hexagonal system X1 . X2 is 
P(X1 .X2) = wf,)PW + wGW(Xd - wG)~(X), 
whereX;=Xi-x-yfori=lor2. 
(3.5) 
Proof. Applying Theorem 5 to the edge xx’ we have 
P(Xi .X,) = P(X, .x, - xx’) + P(X1. x, - x - x’) + wP(X, . x, - s2) . 
Since both X1 and X2 have a Kekule structure, then yy’ does not belong to any Kekule 
structure of X1 . X, - xx’. Hence we have P(X1 . X, - xx’) = P(X,)P(X,). By analog- 
ous reasons we also have 
P(X1. x, - x - x’) = P(Xi)P(Xi - x’ - y’) 
and 
P(X1. x* - sa) = P(Xi)P(X, - sz). 
Therefore 
P(X1 .X,) = P(X,)P(Xh) + P(Xi){P(Xi - x’ - y’) + wP(X, - sz)} 
= P(X,)P(X3 + P(X;)P(X,) - P(X;)P(X;) > 
Fig. 6. 
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where we applied Theorem 5 to X2 and used the obvious fact that P(X2 - xy) = 
P(X2 - x - x’ - y - y’); this completes the proof of the theorem. 0 
In the special case Xi = L,(LO = K2) for m 3 0, applying the above Theorem 6, we 
have (see Fig. 7) 
P(L, X,) = l,P(X, - x - y) + P(L, - x - y)P(X,) 
- P(L, - x - y)P(Xz - x - y) 
= (mw + m + l)P(X;) + P(X,) - P(X;) 
= m(w + l)P(X;) + P(X,); 
thus we have the following 
Corollary 1. P(L,.X2) = m(w + l)P(X;) + P(X,) (3.6) 
Theorem 8. Let X, and X, be two Kekulban hexagonal systems or KZ. and 
G = (XI L,). X2 (see Fig. 8). Then 
P(G) = P(X,)P(X;) + P(X;)P(X,) + (mw + m - l)P(X;)P(Xi), 
where Xi = X, - x - y, X; = X, - x’ - y’. 
(3.7) 
Proof. Applying Theorem 7 to the edge x’y’ and using Corollary 1 we easily obtain 
the theorem. 0 
Fig. I 
Fig. 8. 
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Theorem 9. Let X1,X, and X, be Kekulban hexagonal systems or KZ, and let 
G = XI * X2 * X3 (see Fig. 9). Then 
P(G) = fi P(Xi) + (W + 1) fi P(X,O, 
i=l i=l 
(3.8) 
where X,C = Xi - Xi - xi, JOY i = 1,2,3. 
Proof. Applying Theorem 5 to the edge x1x;, similar to the proof of Theorem 6, we 
have that 
P(G) = P(G - x1x;) + P(G - x1 - xj) + wP(G - s) 
= P(G - XIX; - ~3x2 -Xix;) + P(G -X1 - Xi - ~3 - ~2 - Xi - Xi) 
+ wP(G - s) 
= Jjl P(X,) + (w + 1) fi P(X). 0 
i=l 
4. The Clar covering polynomials of eatacondensed benzenoid systems with their 
applications 
A hexagonal system is catacondensed if no three of its hexagons have a common 
vertex; and is pericondensed otherwise. In this section we only consider cataconden- 
sed hexagonal systems. It is well known that each catacondensed hexagonal system is 
Kekulean, and thus has a Clar cover. Thus, for catacondensed hexagonal systems 
Theorems 779 and Corollary 1 (Section 3) are valid. Applying these conclusions we 
can easily compute their Clar covering polynomial. At first let us consider hexagonal 
chains, which may be defined as unbranched catacondensed hexagonal systems, i.e., 
each hexagon of which is adjacent to at most two hexagons. 
Fig. 9. 
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4.1. Hexagonal chains 
Let H be a hexagonal chain which has n maximal linear chains with > 2 hexagons. 
We in turn denote the numbers of hexagons of such maximal linear hexagonal chains 
by ~1, r2, , r, (ri 3 2, i = 1,2, , n), which is said to be a related sequence of H. Thus 
we use Hl(r,.r2, . ,r,,) to denote such a hexagonal chain H. Without danger of 
confusion we only maintain the last index, i.e., we may denote it by H/(r,). We also 
denote by Hl(r, ~ 1) an auxiliary hexagonal chain from Hl(r,) by removing one of its 
extreme hexagons (see Fig. 10). Note that Hl(r, - 1) := Hl(r,_ 1) if 17 3 2 and Y,, = 2 
and Hl(r,, - 1) := I,, if M = 1 and rl = 2. 
Applying Corollary 1 (Section 3) to the edge .YJ’ of HI(r,) and Hl(r, - 1). respec- 
tively, we can deduce the following simultaneous relations for the Clar covering 
polynomials of Hl(r,) and Hl(r, - l)(n 3 2): 
Hl(r,) = Hl(rEpI) + (r, - l)(w + l)Hl(r,_, ~ I), (4.1) 
Hl(r, - 1) = Hl(r,_,) + (r, - 2)(1~ + l)Hl(r,_ 1 - 1). (4.2) 
Subtracting Eq. (4.2) from Eq. (4.1), we get 
Hl(r,) = Hl(r, - 1) + (w + l)Hl(r,,_ 1 ~ 1). (4.3) 
Combining (4.3) with (4.2), we obtain the following recurrence relation for the Clar 
covering polynomial of Hl(r, - 1): 
Hl(r, ~ 1) = 1,u_2Hl(r,_, ~ 1) + (w + l)Hl(r,,_ 2 - 1) (4.4) 
for n 3 3, with initial conditions Hl(r, - 1) = IYI ~, , H/(r, - 1) = I,, 1 l_ L + 
(M. + 1). (Recall that I, := P(L,, tv).) From Eq. (4.1) we have that 
(M. + l)Hl(r,_.I - 1) = & (H&r,) - Hl(r,- I 1). (4.5) 
n 
From Eq. (4.3) we have that 
(1~ + l)Hl(r,_,) = (w + l)Hl(rnpl - 1) + (w + 1)2Hl(r,_, - 1). (4.3’1 
Fig. 10. A hexagonal chain Hl(r,J with its auxiliary hexagonal cham H/(r, ~ 1) 
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Combining (4.5) with (4.3’) we deduce the main recurrence relation in this subsection 
(n 2 3): 
Hl(r,) = lrm - 1 - ” - ’ (w + 1) 
r,-1 - 1 
Hl(r,- 1) + r ‘” ,--’ I (w -t l)Hl(r,_ 2) (4.6) 
n 
with initial conditions Hl(r,) = I,,, Hl(r,) = I,,_ i1**_ 1 + (w + 1). 
Of course Eq. (4.6) is a recurrence relation with variable coefficients. From (4.6) we 
can easily derive the recurrence relations for the number of Kekule structures and the 
first Herndon number of an arbitrary hexagonal chain. Putting w = 0 in Eq. (4.6), we 
immediately obtain 
K(Hl(r,)) = ( rn - l r, - r,_1 - 1  K(Hl(r,_ 1)) + Y, - 1 r,_, - 1 K(Nr,-2) 
for all n > 3 with initial conditions K(Hl(r,)) = r1 + 1 and K(HZ(r,) = r1r2 + 1. 
Furthermore, we first calculate the derivatives of the terms on both sides of Eq. (4.6), 
then choose w = 0. We can deduce a recurrence relation for the first Herndon number 
of this hexagonal chain, namely, 
+ {KW(rn)) - KW(r,- I))> (4.8) 
for all IZ > 3 with initial conditions h,(Hl(r,)) = rl and h,(Hl(r,)) = 2rIr2 - 
rI - r2 + 1. 
In the case rl = r2 = ... = r, = m, from (4.7) and (4.8) we immediately obtain 
Theorems 1 and 3 of [l]. We simply denote by fn such a special hexagonal chain and 
by fi its auxiliary hexagonal chain, and obtain directly the following recurrence 
relation: 
fn=L-2fn-1+(w+l)fn-2 (n>3) (4.9) 
with initial conditions fi = I, and fi = l:- 1 + (w + 1). From (4.9) we have calculated 
their Clar covering polynomials with n < 5 listed in Table 2 (see the Appendix). We 
can deal with fn’ in the same way (see Table 3 in the Appendix). From (4.9) an explicit 
expression for fn will be obtained below. 
Suppose that the generating function of fn (n > 1) is 
F(z) = f Jz’, (4.10) 
i=l 
we have 
F(z) = z(1 - lm-zZ - (w + l)zZ)-‘((w’ + 3w + 2)z + Z,), (4.11) 
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where 
By substituting the above expression into Eq. (4.11) and equating the coefficients of 
the term z”, we finally obtain 
+ (w2 + 3w + 2) kI+21,Jk’ ; “2) cL2(w + Ilk’ (4.12) 
for all n 3 3. This is the explicit expression of the Clar covering polynomial of the 
hexagonal chain .f,. Now let us make several remarks about it. 
Remark 1. Choosing w = 0 in (4.12), we directly obtain an explicit expression of the 
Kekule structure count off, as follows: 
K(fn) = (m + 1) k,+2$E._l(“‘: “‘)cm - lJk’ 
(4.13) 
Moreover, by simple observation and manipulation we get 
h(JJ = dfn, 1) 
zzz 
m2-m-2 
m +(m+ l)k, + k, 
m-l 
+ 3 + 2kz + 2 ~kI)(k1~k2)(m-l)k1. (4.14) 
kl+Zkz=n-2 
Remark 2. Assume m 2 3. From (4.12) it is easy to see that the degree of the Clar 
covering polynomial for _& is n; that is, its Clar number equals n from Theorem 2. 
Moreover we can easily observe that the leading coefficient of (4.12) the number of 
Clar formulas for f”“, is 
g( fn, n) = (m - 2)“- 'rn + (m - 2)“- 2 = (m - l)‘(m - 2)“p2 (4.15) 
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Remark 3. If m = 2, fn becomes a zigzag chain. In this case, it is easy to see that 
- ifniseven, 
o(L) = (4.16) 
if n is even, 
if n is odd. 
Remark 4. From (4.6) we see that the Clar covering polynomial of the hexagonal 
chain Hl(ri, r2, . . . , r,) depends only on the sequence (rl, r2, . . . , r,). In other words, if 
any two hexagonal chains have the same related sequence, then they have the same 
Clar covering polynomial. Hexagonal chains represented in Fig. 11, for example, have 
the same related sequence (3,3,2,2,2), and their common Clar covering polynomial is 
H2(3,3,2,2,2) = 2w4 + 22w3 + 68~’ + 84~ + 37. 
4.2. Some branched catacondensed benzenoid systems 
In Section 4.1 we have derived a recurrence relation for the Clar covering poly- 
nomial of an arbitrary hexagonal chain. Thus, according to Theorem 9, the problem of 
calculating the Clar covering polynomial of a branched catacondensed hexagonal 
system can be transformed into that of a number of hexagonal chains. As examples, we 
can obtain the Clar covering polynomials for the five classes of branched hexagonal 
systems represented in Fig. 12 as follows: 
P(1) = ImPlln-llk-l + w + 1, (4.17) 
P(I1) = Ik-lLIFn-l +(w + l)Fn-2, (4.18) 
P(III) = FrnPIFE_llk_i + (w + 1)Fn-2Fm-2, (4.19) 
P(IV) = Fm-lFn-lFk-l + (1 + W)Fk-2Fm-2Fn-_2, (4.20) 
where F,,, is the Clar covering polynomial of the zigzag hexagonal chain of length 
m (the number of hexagons) (see Remark 3), and the recurrence relation of F,,, is 
F,, = FE-1 + (1 + w)F,-2 (4.21) 
Fig. 11. Hexagonal chains with related sequence (3,3,2,2,2). 
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h 
2 f-i!? 1 2 -’ h 2 --. II[ ? m 
Fig. 12 
for n >, 2 with initial conditions F1 = 2w + 3, F0 = 1; and 
P(I/)=I,,-Ilm2-llml-llm?-lln~2+(M:+ 1)(L?I-IL-1 +L,-,L,-I). (4.22) 
In the following we will mainly obtain the explicit expression for the Clar covering 
polynomial of some kinds of typically branched catacondensed hexagonal systems. 
4.3. Catacondensed ladders 
The catacondensed ladder is a type of branched catacondensed hexagonal system 
shown in Fig. 13(a) and denoted by @(ml, ml, n); hexagonal systems of a related class 
are depicted in Fig. 13(b) and denoted by O’(m,,tnz, n). 
Applying Theorem 9 to the black hexagons of O(m,,m,,n) and O’(ml,m,,n) 
indicated in Fig. 13, respectively, we easily obtain the following coupled recurrence 
relations: 
O;=In*2-10n-, +(l +%)I,,-,@:,_I, 
where 0, = P(@(ml,m,,n)), 0; = P(O’(ml,mz,n)). 
The characteristic polynomial of the coefficient matrix A of Eq. (4.23) is 
/~I-Al=~2-Lfdli.+dz, (4.24) 
where d, = Im,/m2_1 + (1 + w)1,,,_r and dz = (1 + w)’ l,I _ , lm2 _ 1. By Hamilton 
Cayley’s theorem we obtain readily the recurrence relation 
0, = d,O,_, ~ d2Bn_2 (4.25) 
with initial conditions O0 = I,, and 0, = l~llm,_l + (1 + ~)1k,_r, where dI and 
d, are the same as in (4.24). Suppose that the generating function of 0, (n 3 0) is 
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Fig. 13. (a) left; (b) right. 
F(Z) = c~_, Oizi. Similarly we obtain that 
F(z) = 
I,, - (1 + w)21ml-1z 
l-dIz+d2z2 
= (1 - dl.z + d2z2)-‘(l,, - (1 + w)‘I,,-IZ). 
Furthermore we obtain 
@n =jo {k,+2szn_p(k1; k2)W)k2&d~}~p~ 
where cc0 = l,,, a1 = - (1 + w)21,1-p 
From (4.26) we derive the following results: 
a(@(mh m2, n)) = 
n+l if ml=1 and m2=1, 
2n + 1 otherwise, 
and the number of Clar formulas for 0(ml,m2,n) is 
(4.26) 
(4.27) 
Cm2 - 1)” if m, = 1 and m2 2 2, 
(m, - l)n+l if m2 = 1 and ml 2 2, 
~o~~{kI+2~~~_p(k1k:k2)(-1)‘22k1j 
(a0 = l,ccl = - 1) if ml = m, = 1, 
j. up {, +,FEn_,rl L k2)(-l).‘(m2 - Ilk’ 
1 2 
h - l)k2(mIm2 - l)kl , (aO=mI,ccI=l-ml) ifmI,m232. 
(4.28) 
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(-l)k’(mrm2 + m, -t rH2)q%lk; (4.29) 
where L-X,, = m, + 1, CI~ = -ml. 
Since O(1, 1, n) and fin for the case m = 2 are both zigzag chains, from (4.28) and 
(4.16) we immediately obtain the identity 
for positive integers n. 
Of course from (4.25) we can deduce a recurrence relation for K(O,). Accordingly 
another explicit expression for K(O,) may be derived. 
4.4. Catacondensed all-benzenoids 
A hexagonal system is defined to be all-benzenoid if the following holds: if we take 
away all the vertices of its maximum cover, then the residual is empty [3]. For 
example, O( 1,2, n) is a class of all-benzenoids. Assuming that such a system is stripped 
for its terminal hexagons (each of which has 4 vertices of degree 2), the remainder 
system is referred to as the backbone. Triphenylene O(1, 1,1) has the trivial backbone 
of one hexagon. Otherwise the backbone can only consist of short segments actually 
holding two or three hexagons each. They are called 2-segments or 3-segments, 
respectively. It is easy to see that the backbones of 0(1,2, n) are zigzag chains, which 
have only 2-segments in the backbone. Now we deal with the catacondensed all- 
benzenoids U(n) and Z(n), shown in Figs. 14 and 15, respectively, with only 3- 
segments. 
For U(n), similarly we easily obtain the following recurrence relation for n 2 2: 
U(n) = (w + 2)2U(n - 1) + (w + l)(w + 2)U(n - 2) (4.31) 
with initial conditions U(0) = w + 2 and U(1) = w3 + 6w2 + 13~ + 9. As before, we 
also obtain the explicit expression 
(4.32) 
where LX,, = U(0) = w + 2, ~1 = U(1) - &U(O) = w + 1, dl = (w + 2)2, dz = 
(w + l)(W + 2). 
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Fig. 14. 
Fig. 15. 
For Z(n) shown in Fig. 15, we also deduce the recurrence relation 
Z(n) = drZ(n - 1) + dzZ(n - 2) (na2), (4.33) 
where dI = (w + 2)(2w + 3), dz = (w + l)(w + 2)‘{(w + 2)3 + w + l), with initial 
conditions Z(1) = (w + 2)’ + 2(w + l)(w + 2)2 and Z(0) = w -t 2. And we obtain the 
following explicit expression: 
(4.34) 
where CI~ =Z(O)= w -I- 2,al = Z(l)- d,Z(O)= w5 + low4 + 40w3 + 79w2 + 76~ + 28. 
From Eqs. (4.32) and (4.34) we readily obtain some topological indices for all- 
benzenoids U(n) and Z(n), but omit their details here. 
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Appendix 
Table 1 
Hexagonal systems with < 5 hexagons and their C‘lar covering polynomials 
4 + 3w 
5 + 4w 
8 + 10~ + 3~’ 
6 + 6w + M.’ 
6 + 5w 
9 + 1 lw + 3w2 
11 + 15w + 5w2 
0P 
10 + 13w + 4w2 
& 
14 + 23~ + 12w2 + 2w3 
sz?? 
9 + 12w + 4wz 
13 + 2ow + 9Vv2 + w3 
165 
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Table 2 
The Clar covering polynomials of hexagonal chains f. with n < 5 
n L 
1 (m+l)+mw 
2 (m'+ l)+ (2m* -2m + l)w+ (mZ-2m+ 1)~’ 
3 (m3 - m* +2m)+(3m3 -6mZ+6m- 2)w+ (3m3 -9m* +9m- 3)~’ 
+ (m3 -4mZ+ Sm - 2)w3 
4 (m4 -2m3 +4m2 -2m + l)+ (4m4 - 12m3 +19m2 -14m+4)w 
+ (6m4 - 24m3 + 39m' - 30m + 9) w2 + (4m4 - 20m3 + 37m' - 30m + 9)w3 
+ (m4 - 6m3 + 13m2 - 12m + 4)w4 
5 (m5 - 3m4+7m3 -7m2 +5m- l)+ (5m5-20m4+43m3 -50m2+ 31m-8)w 
+ (10m’ - 50m4 + 112m3 - 136m’ + 86m - 22)~’ 
+ (1Om’ - 60m4 + 148m3 - 188m’ + 122m - 32)~~ 
+ (5m5 - 35m4 +97m* -133m + 90m- 24)~~ 
+ (m5-8m4+25m3 -38mZ+28m- 8)w5 
Table 3 
The Clar covering polynomials of hexagonal chains J,’ with n < 5 
n f.' 
1 m+(m-1)w 
2 (m’ - m + 1) + (2m’ - 4m + 2)w + (mZ - 3m + 2)w2 
3 (m3 - 2m2 + 3m - 1) + (3m - 9m2 + llm - 5)w + (3m3 - 12m2 + 16m - 7)wz 
+ (m3 - 5m2 + 8m- 4)w3 
4 (m4-3m3 +6m2- 5mf 2)+ (4m4- 16m3 + 30m* -28m+ 10)~ 
+ (6m4 - 30m3 + 60mZ- 57m+ 21)w2+ (4m4 -24m3 + 54m2- 54m+ 20)~~ 
+(m4- 7m3 + 18m* - 20m+ 8)w4 
5 (m5-4m4+ lom3 - 13m2 + lam- 3)+ (5m5-25m4+62m3 -86m2+64m-20)~ 
+(lOm'- 60m4 + 158m3 - 266m't 177m - 53)~~ 
+(lOm’- 70m4+202m3 - 302m* +233m- 73)~~ 
+ (5m5 -40m4 + 128m3 - 205m2 + 164m - 52)~~ 
+ (m5- 9m4 + 32m3 - 56m2 +48m- 16)~~ 
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